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Abstract

Split-flow thin (SPLITT) fractionation devices have been widely used to separate macromolecules, colloids, cells and particles. Recently,
the quadrupole magnetic flow sorter (QMS) has been reported in the literature as another family of SPLITT fractionation device. However, the
separation performance observed in the experimental measurements is generally found to deviate from the ideal behaviour. Possible causes
such as hydrodynamic lift force, high particle concentration and imperfect geometries have been extensively examined. However, the effects
of flow development regions and fringing magnetic force field at the separation channel inlet and outlet, which are ignored by the theory, have
not been investigated. The error introduced by ignoring these effects need to be rigorously studied so that the theory can be used to optimise
operation flow rates with confidence. Indeed, we find in this paper that these ignored effects are responsible to the discrepancy between the
experimental data and the theoretical predictions. A new theory has been proposed for optimisation of device operation.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Recently, the quadrupole magnetic flow sorter, which is
a form of split-flow thin (SPLITT) fractionation device, has
been developed to separate magnetic-bead-labelled cells
[1–3]. A schematic diagram of this device is shown in
Fig. 1. The sample enters the separation channel through the
inlet a with a volume flow rateQin

a , the separated particles
will be collected at the outlet b, where the flow rate isQout

b .
Williams et al.[4] have established a theory for optimisation
of operational flow rates. However, a consistent discrepancy
has been observed between the theoretic predictions and the
experimental measurements[2,3,5]. Williams et al.[6] have
reviewed and studied the causes of the discrepancy. For an
annular separation channel, the side-wall effect is absent,
which removes a major concern as it is for a parallel-plate
SPLITT device [4,6,7]. The other concerns such as lift
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forces and high particle concentrations have been investi-
gated and their effects can be restricted[6,8–13]. Williams
et al. [6] examined the effect of geometry imperfections
and concluded that they play a significant role in the loss of
resolution.

However, the current theory of Williams et al.[4] was
established upon ignoring the effects of flow development
regions and fringing magnetic force fields at the separation
channel inlet and outlet. Here the separation channel refers
to the part of channel between two splitters. As our previous
work has reported[14], ignoring flow development region
for a plane SPLITT fractionation device under a uniform
force field may be acceptable, however, a significant error
may be introduced for an annular SPLITT fractionation de-
vice. Moreover, the force field is no longer uniform and a
fringing magnetic force field exists at the regions near the
splitters, which may have considerable influence over the
theoretic predictions. These effects, which may be the major
causes of the discrepancies between the experimental data
and the theoretic predictions, need to be examined. In this
paper, analyses of these effects will be performed theoreti-
cally and numerically.

0021-9673/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.chroma.2004.05.018



138 Y. Zhang, D.R. Emerson / J. Chromatogr. A 1042 (2004) 137–145

rISS

rOSS

ri

ro

rsout

rsin

in
aQ

in
bQ

L 

in
aQin

bQ

out
aQout

aQ out
bQout

bQ

ISS 

OSS 

Force Field 

Lm 

r

 z 

Fig. 1. Schematic diagram of an annular quadrupole magnetic flow sorter.

2. Theory

Here, the annular SPLITT channel is assumed perfectly
assembled so that the possible effect of geometry imperfec-
tions can be ruled out. The particle concentration is low and
the inter-particle interactions are weak, thus the particle will
not affect the fluid flow field. The only differences to the
theory developed by Williams et al.[4] are that the flow de-
velopment regions and the fringing magnetic force fields at
the separation channel inlet and outlet will be addressed in
the following theory.

The similar approach described in our previous paper[14]
can be adopted except that a cylindrical coordinate is used
here. Any laminar flow field in an annular channel can be
described by the stream-line functionψ(z, r):

Vz = 1

r

∂ψ

∂r
, Vr = −1

r

∂ψ

∂z
, (1)

whereVz and Vr are the velocity components of the fluid
in the axial and radial directions,z and r, respectively.
These streamlines are axi-symmetric, a corresponding
stream-plane will be formed by rotating the stream-line
against the axis. The volume flow rate between two
stream-planes is given by:

Q1–2 = 2π [ψ(z2, r2)− ψ(z1, r1)] , (2)

whereQ1–2 is the volume flow rate between stream-planes
1 and 2.

Because the flow is not fully-developed at the separation
channel inlet and outlet, the stream-planes are not parallel
as previously assumed, the particle velocity at any point
becomes:

Ur(z, r) = Umr(z, r)+ Vr(z, r),

Uz(z, r) = Vz(z, r)+ Umz(z, r), (3)

whereUmr andUmz are the relative velocities between the
particle and the surrounding fluid in the radial and axial di-

rections. The existence ofUmz is due to the fringing mag-
netic force field. Not only do these relative velocities de-
pend on the radial position,r, but also they depend on the
axial position,z. By following the same procedure as given
in Zhang et al.[14], we reach:

∂ψ

∂r
dr + ∂ψ

∂z
dz = Umrr dz− Umzr dr. (4)

Integrate from one arbitrary stream-line 1 to stream-line 2

Q1–2 = 2π
∫ 2

1
(Umrr dz− Umzr dr). (5)

The operation flow rates can be related to the migration
velocity by Eq. (5). For a parallel-plane SPLITT fractiona-
tion device under a uniform force field such as gravity, the
right hand side ofEq. (5)is a constant. Consequently, a sim-
ple relation between the critical flow rates and the particle
migration velocity can be achieved[14,15]. Unfortunately,
the force field here is no longer uniform and the integral is
particle trajectory dependent. Therefore, we need to deter-
mine the force field and the particle trajectory in order to
solveEq. (5).

3. Magnetic force field

Generally, a particle moving within a carrier fluid will ex-
perience forces from the fluid phase such as the drag force,
the lift force, etc. In addition, the Kelvin force due to the
magnetic force field will also act on the particle. If these
forces are assumed to be linearly additive (for better illustra-
tion purpose), the symbolic expression for the total forces,
F , can be given by:∑

F = Fdrag+ Fm + Fadded+ FBasset+ FSaffman

+ FMagnus+ Fg + Fb + · · · , (6)

whereFdrag is the drag force,Fm the Kelvin force,Fadded
the added mass,FBasset the Basset force,FSaffman the
Saffman force, a lift force due to fluid velocity gradient,
FMagnus the Magnus force, a lift force due to particle rota-
tion, Fg the gravity force, andFb is the buoyancy force.
Inter-particle hydrodynamic interaction is neglected as we
assume a low particle concentration. Therefore, the dom-
inate lubrication force at small distance between pairs of
particles is not considered here. Because the quadrupole
magnetic flow sorter is operated with its axisz in the gravity
direction, the gravity force can be negated by the buoyancy
force if the density difference between the particles and
the fluid is small. Here, the particle size is large enough
that Brownian motion can be neglected and small enough
that the relaxation time of the particle to the flow field
is very small compared to the characteristic time scale of
the flow field [14]. Therefore, the particle diameter needs
to be greater than 1�m [16] and have a Stokes number
far less than unity[17]. As a result, the added mass, the
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Basset force, the Saffman force and the Magnus force are
negligibly small in comparison to the drag force[14,18,19].
Therefore, we only need to consider the drag force and the
Kelvin force here.

For a Stokes flow, the drag force is 3πµdUm. For a par-
ticle with magnetic permeabilityµm freely suspended in an
external magnetic fieldH , the Kelvin force is given by[20]:

Fm = 1

2
∇
(

B2

µm

)
. (7)

The external magnetic fieldH is related to the magnetic flux
densityB asH = B/µm, where the magnetic flux density
B can be determined by[20]:

∇ · B = 0. (8)

Also from Maxwell field equations[20], we have

∇ × B = µ0

(
j + ε0

∂E

∂t

)
, (9)

whereE is the electric intensity,j the current density,ε0 a
constant andµ0 is the magnetic permeability of the vacuum.
Within the separation channel, the magnet field is stationary
and there is no current inside, so that the right hand side of
Eq. (9) is 0. In the experiments, the magnitude ofB was
measured at the quadrupole magnet tip which can be served
as the boundary conditions for determining the magnetic
force field within the separation channel. In doing so, we
can avoid solving the complex quadrupole magnetic field
outside of the separation channel. FromEqs. (8) and (9),
the magnetic force field within the channel can be further
simplified to be described by the following equation:

∇2B2 = 0. (10)

Here, we can introduce “magnetophoretic mobility”, a term
proposed in the literature[2–4]. Then, the particle migration
velocity in an aqueous media under a magnetic field can be
given by:

Um = mmSm, (11)

wheremm is the particle magnetophoretic mobility, and the
local force field strengthSm is given by:

Sm = ∇
(

B2

2µ0

)
. (12)

The particle magnetophoretic mobility can be measured
by a device called a CTV[2]. FromEqs. (11) and (12), we
can see the particle migration velocity and the local force
field strength can be determined once we solveEq. (10). Smr
andSmz, which are the magnetic force field strength in the
r andx directions, respectively, are given by:

Smr = ∂

∂r

(
B2

2µ0

)
and Smz = ∂

∂z

(
B2

2µ0

)
. (13)

4. Flow field

The flow field can be described by Navier–Stokes equa-
tions:

Continuity equation :
∂ρf

∂t
+ ∇ · (ρV ) = 0, (14)

Momentum equation : ρf
dV

dt
= −∇p+ µ∇2V + ρg,

(15)

where g is the gravity andρf is the fluid density. Since
one-way coupling is assumed, i.e. particles have negli-
gible effect on the flow field, the Navier–Stokes equa-
tions are independently solved for the steady fluid flow
in the channel. The classical SIMPLE algorithms have
been well developed to solve Navier–Stokes equations.
Many commercially-available solvers can be used to solve
these equations. In this paper, we have used our own flow
solver-�-Thor 2.0 and the flow solver of CFD-ACE[21],
both give exactly the same answers for the creeping flows
considered in this paper. The details of the employed SIM-
PLE algorithms are widely available, e.g. Ferziger and Perić
[22].

5. Critical magnetophoretic mobilities

The critical magnetophoretic mobility,m0, for a particle
trajectory that starts from the bottom of the splitter at the
inlet a and ends at the splitter at the outlet b is:

m0 = Qout
a −Qin

a

2π
∫ SO

SI r(Smr dz− Smz dr)
, (16)

where SI and SO refer to the positions of the inlet and
outlet splitters. If the particles have a mobility smaller than
m0, they will all move out through the outlet a. The critical
velocity, m1, for a particle starting at the wall of the inlet a
and ending at the splitter of the outlet b is:

m1 = Qout
a

2π
∫ SO

WI r(Smr dz− Smz dr)
, (17)

where WI refers to the position of the inlet wall. Particles
with mobility larger thanm1 will all move across to the
outlet b. In the case of separating fragile cells or if we want
to reduce the number of particles sticking to the wall and
increase the particle retrieval rate, another critical mobility
is important,m2, viz.

m2 = Qin
b

2π
∫WO

SI r(Smr dz− Smz dr)
, (18)

where WO refers to the position of the outlet wall. Under this
critical mobility, a particle starting from the inlet splitter can
just reach the outlet wall, so that any particle with smaller
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migration velocity from the inlet a will not hit the outlet wall.
These three critical mobilities are essential for optimisation
of operation flow rates. To separate two types of particles
with mobilities of mm1 and mm2, the operation flow rates
need to satisfy the following criteria:mm1 < m0, so that
all the cells with magnetophoretic mobility ofmm1will be
collected at the outlet a;m1 < mm2 < m2, so that all the
cells with magnetophoretic mobility ofmm2 will move out
of the outlet b without sticking to the wall.

If we ignore the flow development regions and the fringing
force field at the separation channel inlet and outlet, the
present theory as described byEqs. (16) and (18)can be
simplified to the same as the theory developed by Williams
et al.[4]. The advantage of the theory of Williams et al. is that
it reduces computational effort significantly because there
are analytical solutions for the velocity field and the force
field. The velocity field in the annulus is fully-developed
and it can be theoretically determined by:

Vr = 2 〈v〉
A1

(1 − ρ2 + A2 ln ρ), (19)

where〈v〉 is the mean fluid velocity andρ = r/ro (ro is the
radius of the outer wall of the separation channel as shown
in Fig. 1). A1 andA2 are given by:

A1 = 1 + ρ2
i − A2, (20)

A2 = 1 − ρ2
i

ln(1/ρi)
, (21)

whereρi = ri /ro (ri is the radius of the inner wall of the sep-
aration channel as shown inFig. 1). Therefore, solving com-
plex Navier–Stokes equations can be avoided. Moreover, by
ignoring the fringing magnetic force field,Sm in thez direc-
tion can be assumed to be 0, andSm in the r direction can
be theoretically determined by:

Smr = B2
o

µ0ro
ρ. (22)

SubstituteEqs. (19) and (22)into Eqs. (16-18), and assume
the particle entry radial positions to be the corresponding
streamlines at fully-developed region, we can then obtain
analytical solutions for the critical mobilities the same as
given by Williams et al.[4]:

m0 = Q

2πroLSm0

I1[ρISS, ρOSS]

A1(1 − ρ2
i )

, (23)

m1 = Q

2πroLSm0

I1[ρi, ρOSS]

A1(1 − ρ2
i )
, (24)

m2 = Q

2πroLSm0

I1[ρISS,1]

A1(1 − ρ2
i )
, (25)

where

I1[ρ1, ρ] = [4 ln ρ − 2ρ2 + 2A2(ln ρ)
2]ρρ1

. (26)

6. Numerical algorithm

Hoyos et al.[2] produced the comprehensive experimen-
tal data, where they setQin

a /Q = 0.1 andQout
a /Q = 0.2

with a series of total flow rateQ. From these given flow
rates and the measured magnetic flux density at the tip of
the quadrupole magnetB0, we can determine the critical
magnetophoretic mobilities by solvingEqs. (16) and (18).
However, the integrals are carried out along the particle tra-
jectories, but the particle trajectory also relies on the value
of the mobility, numerical iterations are needed to solve this
coupled phenomenon.

Because we have assumed that the flow field and the
magnetic field are not coupled and they are not affected by
the presence of particles here, the magnetic force fieldSmr
andSmz can be independently determined at every calcula-
tion grid by solvingEqs. (10) and (13). The scalar solver
of CFD-ACE [21] is used in solvingEq. (10). At the same
time, we use the flow solvers of�-Thor and CFD-ACE to
solve the Navier–Stokes equations and determine the fluid
velocity field. The particle velocity at the calculation grids
can be obtained by simply solvingEq. (3), so that the parti-
cle trajectories can be consequently determined. The detail
of the algorithm is given below:

Step 1: Use the flow solvers of�-Thor and CFD-ACE to
solve the fluid velocities at the calculation grid (i,
j), i.e. Vz(i, j) andVr(i, j).

Step 2: Use the scalar solver of CFD-ACE to obtain the
force field componentsSmr(i, j) andSmz(i, j).

Step 3: Iterations to solve the particle trajectories and the
critical mobilities (an example of determiningmc1
is used here for better illustration, the particle tra-
jectory therefore starts from the inlet splitter, i.e.
rp(0) = rsin. The same procedure can be applied to
solve the other critical mobilities.):

(a) give an initial guessm0 = m;
(b) for k = 0, 1, 2,. . . until convergence;
(c) for i = 0, 1, 2, . . . , imax − 1 and j = 0, 1, 2,

. . . , jmax − 1:

• U
(k)
mz(i, j) = m

(k)
0 Smz(i, j) and U(k)mr (i, j) =

m
(k)
0 Smr(i, j);

• r
(k)
p (i + 1) = r

(k)
p (i) + [U(k)mr (i) + V

(k)
r (i)]/

[U(k)mr (i) + V
(k)
z (i)] dz(i), where U

(k)
mr (i),

V
(k)
r (i) andV(k)z (i) are the interpolated values

at the position of [z(i), r(k)p (i)], and dz(i) =
z(i + 1) − z(i);

• if rp(i) > ro or rp(i)< ri ,m
(k+1)
0 = m

(k)
0 +δm,

seti = 0 and go to the Step c;
• if r(k)p (imax−1)−rsout< error, output the crit-

ical mobility m0 and the corresponding par-
ticle trajectory [z(i), r(k)p (i)]. Herersout is the
radius of the outlet splitter as shown inFig. 1;
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• otherwise,m(k+1)
0 = m

(k)
0 +δm, seti = 0 and

go to the Step c.

The program is written in the C language and is run on
a Compaq AlphaStation XP1000. In the calculation of the
particle migration velocities, a second-order accurate central
differential scheme is used. The explicit Euler method is
used for the time step. We use very fine grid especially at the
channel inlet and outlet (which ensures the time step is small)
in order to restrict the numerical error. The convergence
can be rapidly achieved due to small number of iterations
needed (CPU time is typically in seconds). Solving the flow
field and the magnetic force field needs more computational
effort; however, these fields are only needed to be solved
once. The above calculation starts from given flow rates to
determine the critical mobilities. An optimisation method for
the operational flow rates for efficient separation of particles
with certain mobilities will be discussed late.

7. Results and discussions

The quadrupole magnetic flow sorter used by Hoyos et al.
[2] has the geometry ofro = 4.53 mm,ri = 2.38 mm, the
inlet splitter radiusrsin = 3.124 mm and the outlet splitter
radiusrsout = 3.543 mm. The length of the separation chan-
nel between the splittersL is 95 mm. The schematic diagram
of the device is shown inFig. 1. The magnetic flux densi-
ties at the outer wallro are 0.775 and 1.334 T, respectively.
The magnets’ bore radii are 4.85 and 4.82 mm, with length
of 76.2 mm, i.e.Lm = 76.2 mm. Under the operation condi-
tions, the ratio of the fractional flow rates is kept constant,
i.e. Qout

a /Q = 0.2 andQin
a /Q = 0.1. In the calculations,

Hoyos et al.[2] adopted the theory of Williams et al.[4]
which ignores the fringing force field near the splitters, so
that the Kelvin force acting on the particle was only con-
sidered in ther direction within the channel region cov-
ered by the length of magnet. In doing so, the effect of the
flow development regions at the splitters was assumed to be
negligibly small because the flow is fully-developed within
the force field. Therefore, in their calculations, the effec-
tive separation channel length is 76.2 mm while it is actually
95.0 mm. In this paper, we focus on the effects of the flow
development region and the fringing magnet force field, we
assume the splitters are very thin and have the similar mag-
netic permeability to the surrounding liquid. Although the
thickness of the splitters may play a role, it is believed to be
small for creeping flows especially when the magnet length
is restricted within the fully-developed flow region because
the streamlines there remain the same regardless of possible
splitter thickness and∇|B| is close to zero at the vicinity of
the splitters. However, if the length of magnet covers whole
separation channel, the splitter thickness will have bigger
impact on the particle trajectories. Geometric imperfections
may have more significant influence, which has been dis-
cussed by Williams et al.[6].

Fig. 2. Streamlines at the separation channel inlet and outlet,Q =
60 ml/min.

First, the streamlines of the flow field and the contour of
the magnitude ofB at the separation channel inlet and out-
let are shown inFigs. 2 and 3. It is clear that the stream-
lines are not parallel in the regions where the flow is not
fully-developed, and the force field in the axial direction
does exist, i.e.∂B/∂z �= 0. Therefore, it may not be ap-
propriate to ignore the effects of the flow development re-
gions and the fringing force field. As Moore and Williams
pointed out in a private discussion, the fringing magnet field
is strongest close to the planes of symmetry of the pole
pieces. This is caused by the end surface of the quadrupole
magnet, a more thorough examination may need to consider
this three-dimensional effect. Here, we only consider the
worst case where the fringing field is strongest and examine
the effect.

Fig. 3. The fringing field of the magnitude ofB at the separation channel
inlet and outlet,B0 = 1.334 T. Here, variation of the fringing field around
the circumference of the annular channel is ignored.
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Fig. 4. Particle trajectories and ISS, OSS stream-lines in the separation
channel, where the total flowQ = 60 ml/min, the magnet flux density
B0 = 1.334 T. The magnetophoretic mobilities are:m0 = 3.98 × 10−4,
m1 = 8.09×10−4, m2 = 21.38×10−4, andmm = 12.0×10−4 mm3/TAs,
respectively.

Fig. 4 shows ISS and OSS stream-lines and the particle
trajectories. The flow rateQ = 60 ml/min andB0 = 1.334 T.
Here, the critical mobilitiesm0, m1 andm2 are 3.98×10−4,
8.09× 10−4 and 21.38× 10−4 mm3/TAs, respectively. The
corresponding trajectories are shown by dash-dot lines. In
present approach, these mobilities are obtained numerically
which are also consistent withEqs. (16)–(18). If the par-
ticles with mobility mm = 12.0 × 10−4 mm3/TAs (m1 <

mm < m2) enter the separation channel through the inlet a,
they will be collected at the outlet b without sticking to the
wall regardless of their initial entry positions. The possible
trajectories of these particles will be between the two solid
lines marked bymm. Fig. 5 also confirms that any particle

Fig. 5. Particle trajectories and ISS, OSS stream-lines in the separation
channel, where the total flowQ = 10 ml/min, the magnet flux density
B0 = 0.775 T. The magnetophoretic mobilities are:m0 = 1.91 × 10−4,
m1 = 3.91× 10−4, m2 = 10.58× 10−4, andmm = 7.0× 10−4 mm3/TAs,
respectively.

Fig. 6. Particle trajectories and ISS, OSS stream-lines in the separation
channel, where the total flowQ = 10 ml/min, the magnet flux density
B0 = 0.775 T. The magnetophoretic mobilities are:m0 = 1.91 × 10−4,
m1 = 3.91 × 10−4, m2 = 10.58 × 10−4, mm1 = 1.0 × 10−4, and
mm2 = 3.0 × 10−4 mm3/TAs, respectively.

with mobility, mm, satisfyingm1 < mm < m2, will be to-
tally separated without sticking to the wall. The flow rateQ
is 10 ml/min andB0is 0.775 T in this figure. Therefore, the
most important factor for optimisation of operational flow
rates is to design the values ofm1 andm2 to ensure the mo-
bilities of the particles to be separated fall in-between.

Suppose there are two type of particles with mo-
bilities mm1 = 1.0 × 10−4 mm3/TAs and mm2 =
3.0 × 10−4 mm3/TAs, can they be efficiently separated
under current operation conditions withQ = 10 ml/min
and B0 = 0.775 T? First, we solve the critical mobilities:
m0 = 1.91× 10−4 mm3/TAs,m1 = 3.91× 10−4 mm3/TAs
andm2 = 10.58×10−4 mm3/TAs. The corresponding parti-
cle trajectories are shown inFig. 6. Becausemm1 < m0 and
mm2 > m0, these particles can be separated. However, since
mm2 < m1, the particles with mobility ofmm2 can only be
separated if their initial position is close to the inlet splitter
(the lower solid line marked bymm2 shows the dividing en-
try position below which the particles cannot move across
to the outlet b). The particles with mobilitymm1 cannot
move across even initially starting at the inlet splitter as
shown by the solid line marked withmm1. Therefore, if the
particles are evenly distributed at the inlet a, the separation
ratio in this case is not good because the operation flow
rates are not optimised.

However, the particles with large mobilitymm = 12.0 ×
10−4 mm3/TAs which is larger thanm2, will all move across
the OSS streamline but may stick to the separation channel
wall depending on the initial entry positions. As shown in
Fig. 7, the particles move in the separation channel between
the upper solid line marked bymm and the inlet splitter
will all hit the channel wall at the outlet b. All these figures
confirm the importance of the critical mobilities which de-
pend on the flow rates if the magnet flux density is given.



Y. Zhang, D.R. Emerson / J. Chromatogr. A 1042 (2004) 137–145 143

Fig. 7. Particle trajectories and ISS, OSS stream-lines in the separation
channel, where the total flowQ = 10 ml/min, the magnet flux density
B0 = 0.775 T. The magnetophoretic mobilities are:m0 = 1.91 × 10−4,
m1 = 3.91×10−4, m2 = 10.58×10−4, andmm = 12.0×10−4 mm3/TAs,
respectively.

We need to ensure the less mobile particles with mobilities
smaller thanm0, and higher mobile particles with mobilities
betweenm1 andm2, at the same time, the critical mobilities
have to satisfym1 < m2.

Table 1shows the critical mobilities calculated from the
present theory and the theory of Williams et al.[4]. The rel-
atively small difference in critical mobilities can be caused
by the effect of the flow development regions and the fring-
ing magnetic force field at the separation channel inlet and
outlet. As shown inTable 1, very closem2 is predicted by
both theories, but Williams et al. have lower values form0
andm1. At a low flow rate, critical mobilities are small, thus
the separation rate will mainly be proportional tom2 − m1.
Therefore, Williams et al. may overestimate the separation
rate. At a large flow rate, critical mobilities are larger, so
that the mobility distribution is shifted to the other end, thus
the separation rate mainly depends on the values ofm0 and
m1 − m0. In this case, Williams et al. also overestimates
the separation rate. However, both predictions form1 are
within a deviation less than 10%, the resulting difference
in separation rate prediction will be smaller. Here, we need
to emphasize that the variation of fringing magnetic field

Table 1
Calculated critical magnetophoretic mobilities under different flow rates and magnet flux densities

Q (ml/min) m0 (×104 mm3/TAs) m1 (×104 mm3/TAs) m2 (×104 mm3/TAs)

PSWa Presentb PSWa Presentb PSWa Presentb

60 3.29 9.75 3.98 11.80 7.51 22.26 8.09 23.97 21.99 65.16 21.38 63.36
30 1.66 4.91 1.96 5.81 3.76 11.13 4.01 11.87 11.01 32.61 10.70 31.73
10 0.56 1.66 0.65 1.91 1.25 3.72 1.32 3.91 3.67 10.88 3.57 10.58
5 0.28 0.83 0.32 0.95 0.63 1.86 0.66 1.95 1.84 5.44 1.79 5.29

B0 = 1.334 T for the values in italics andB0 = 0.755 T for the rest of the values.
a The predictions of the theory of Williams et al.[4].
b The predictions of the present theory.

Fig. 8. The fringing force field at the splitters,B0 = 1.334 T. Here,
variation of the fringing field around the circumference of the annular
channel is ignored.

around circumference of the annular channel is ignored and
the strongest fringing field is used in this calculation. There-
fore, the discrepancy between current approach and the the-
ory of Williams et al. may be smaller in weaker fringing
field region. A 3D simulation is needed to accurately assess
the impact of angular variation of fringing magnetic field.

Because the theory of Williams et al.[4] can have simpli-
fied analytical solutions for the flow field and the magnetic
force field, the computational effort for the optimisation of
the operation conditions is much less than the present ap-
proach. In above study, the magnet length was designed to
restrict the force field to be within the fully-developed flow
region in order to avoid the effect of the flow development
regions. Here, we propose to extend the length of magnet
to cover whole separation channel so thatL equals toLm in
Fig. 1. The discrepancy between the present theory and the
theory of Williams et al.[4] is to be examined below.

The fringing force field is shown inFig. 8, compared to
Fig. 3, the axial variations are greater at the inlet and outlet
channel walls, so that the particles will experience a rapid
deviation from the corresponding streamlines near the wall
region, which is confirmed by the particle trajectories shown
in Fig. 9. The comparison of the critical mobilities among
the predictions of the present theory, the theory of Williams
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Table 2
Calculated critical magnetophoretic mobilities under different flow rates withB0 = 1.334 T andL = Lm

Q (ml/min) m0 (×104 mm3/TAs) m1 (×104 mm3/TAs) m2 (×104 mm3/TAs)

PSWa Presentb Non-fringingc PSWa Presentb Non-fringingc PSWa Presentb Non-fringingc

60 3.29 3.94 3.93 7.51 8.15 8.10 21.99 21.50 21.89
30 1.66 1.95 1.94 3.76 4.04 4.02 11.01 10.78 10.98
10 0.56 0.64 0.64 1.25 1.33 1.33 3.67 3.60 3.67
5 0.28 0.32 0.32 0.63 0.66 0.66 1.84 1.80 1.84

a The predictions of the theory of Williams et al.[4].
b The predictions of the present theory.
c The predictions are obtained by ignoring the fringing force field, i.e. the force field is described byEq. (22).

Fig. 9. Particle trajectories and ISS, OSS stream-lines in the separation
channel, where the total flowQ = 60 ml/min, the magnet flux density
B0 = 1.334 T. The magnetophoretic mobilities are:m0 = 3.94 × 10−4,
m1 = 8.15×10−4, m2 = 21.50×10−4, andmm = 15.0×10−4 mm3/TAs,
respectively.

et al. and the present theory but ignoring the fringing force
field (denoted by present, PSW and non-fringing, respec-
tively) is shown inTable 2. We can see that ignoring the
fringing force fields but considering the effect of the flow
development regions will improve the predictions compared
to the simpler theory of Williams et al. If we compare the
critical mobilities predicted by the present theory for two
different channel lengthL = 95 and 76.2 mm with the the-
oretical predictions of Williams et al. where the effective
channel length is assumed 76.2 mm in both cases, we find
that restricting the magnet length to the fully-developed flow
region does not have any improvement of the theoretical
predictions of Williams et al. Therefore, the effect of flow
development regions cannot be avoided by doing so.

8. Conclusions

The effect of flow development regions and fringing mag-
netic field has been investigated, where only the strongest
fringing field on the plane of symmetry passing through the
centre-line of a pole piece is considered. Overall, using the

theory of Williams et al.[4] to optimise the operation con-
ditions is sufficient for most cases. The advantage of this
theory is that no iterations are needed so that the comput-
ing time is small. The present approach needs to solve flow
fields and force fields first, and then iterations are needed
to determine the critical mobilities, so that it requires more
computational effort. If the present approach is used to op-
timise the operation flow rates, we can use the results of the
theory of Williams et al. as initial inputs in order to reduce
computing time significantly and achieve more accurate pre-
dictions.
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